Abstract. The hyperbolic conservation laws with relaxation appear in many physical models such as those for gas dynamics with thermo-non-equilibrium, elasticity with memory, ood ow with friction, tra c ow, etc.... The main concern of this article is the long-time behavior of the interaction between the relaxations and the boundary conditions. In this article, we investigate this problem for a simple model of 2 2 system. It is proven that asymptotically the solution of the system converges to a traveling wave moving away from the boundary under suitable conditions on the boundary .
1. Introduction. The phenomena of relaxation are present in the kinetic theory of gas, eg. the Broadwell model (Xin 13 ], Xin-Liu 8], C 1], C-G 2]), elasticity with memory, gas ow with thermo-non-equilibrium, water wave, etc.... Liu 9] gave a 2 2 strictly hyperbolic system as a model equation for the relaxation phenomena, where he studied the asymptotic behavior of the solution for both rarefaction waves and traveling waves. In the same paper, the validity of the Chapman-Enskog expansion was also investigated. In most of the physical situations, where relaxations occure, it is inevitable to take boundary e ects into account. In this paper, we would like to extend the results of Liu 9] in cases where the boundary e ects are taken into consideration.
In the case of the initial value problem the asymptotic behavior of the Liu's 2 2 system is governed by an equilibrium equation. However, for the initial-boundary value problem in the rst quadrant, we must consider the e ect of the boundary condition. The number of the boundary conditions required for the equilibrium equation is 1 or 0, depending on whether equilibrium characteristic speed is positive or not. For the 2 2 system, the number of the boundary conditions required is same as the number of characteristics out of the boundary that could be 0,1 or 2 depending on the directions of the characteristics. Therefore, for the 2 2 system and for the equilibrium equation they may not require the same number of the boundary conditions. In the case that the numbers are di erent, there might be some boundary layer appearing, cf. Wh 15], . In Xin- Liu 8] , there are various interesting behaviors due to the boundary conditions. In this paper, we consider the case when both the 2 2 system and the equilibrium equation require one boundary condition. that they have the smae number of boundary conditions. Previously, Chen 13 ] studied the nonlinear di usion wave for Liu's model. Nishibata 12] followed Liu's model equation to study the stability of the stationary solution for the initial-boundary problems, that are closely related to this paper.
Consider the following system of two quasilinear linear hyperbolic equations as the In order to make the conservation law and the rate equation strongly coupled, we assume that f v (u; v) 6 = 0; for all (u; v) under consideration.
The term h(u; v) acts as the a source ( or a sink) when v is less ( or greater ) than the equilibrium state v (u). Often h(u; v) assumes the following form;
for some positive function~ (u), the relaxation time. We make the following general assumption: @h(u; v) @v < 0; h(u; v (u)) = 0 for all (u; v) under consideration. We impose boundary values on u: u(0; t) = u ? ; u(1; t) = u + ; ( where K 0 is an constant depending onû only. ( see Liu 9] .) From now on, we normalize the traveling wave as follows:
(0) =û:
Remark: In the remainder of this paper, all the constants depend only on r i f(û;v), r i g(û;v) and r i h(û;v) (i = 0; 1; 2), wherev = v (û), unless otherwise mentioned.
The initial condition are chosen so that (u(x; 0); v(x; 0)) = (u 0 (x); v 0 (x)) with u 0 ; v 0 2 C 3 0; 1) and that the following is satis ed, We introduce the perturbations u and v:
( u(x; t) = (x ? t ? x 0 ) + u(x; t); v(x; t) = (x ? t ? x 0 ) + v(x; t): (1.10) Note that the rest of this section, ( ; ) will stands for ( (x ? t ? x 0 ); (x ? t ? x 0 )), unless otherwise mentioned. From (1.1), we have the system of di erential equations for the perturbation ( u; v), Proof: See section 3.
The di culty in the present problem is due to the fact that the wave is moving away from the boundary so that we can not determine the location error. In section 2, this di culty is resolved by introducing the Riemann's invariants and a suitable weight function to obtain an a priori estimate for the rate of v(0; t) ? v (u ? ) converging to 0.
The same di culty in determining the location error also arises in the initialboundary problem for the viscous conservation laws and the Cauchy problem for the undercompressible ow. For the initial-boundary problems for the Burgers equation, Yu 14] and used the boundary gradient estimate to obtain the location error and get the asymptotic stability. In case of the undercomprssible ow, Kevin- Liu 11] used the pointwise estimate to overcome the di culty of determining the location error.
In section 3, we introduce a sequence of the location error associated to a time sequence tending to a in nity. By using the sequence of location error and the decreasing rate of jv(0; t)?v (u ? )j, the standard energy method can be applied to show the global existence. We also show that the solution asymptotically converges to the traveling wave.
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program at Stanford University. They would like to express their gratitude to their thesis advisor Professor Tai-Ping Liu for generously sharing his ideas. The inequality (2.4) is derived by using Next, we compute the terms of (2.4) evaluated at x = 0. Substituting x = 0 into ( 2.2. The Sequence of the Location Error. From the a priori boundary estimate Theorem 1.4, we obtain that v(0; t) converges to v (û) with an exponential rate. Once we get the rate of convergence, we can handle the boundary terms appearing in the usual energy estimate. However we still have to deal with the asymptotic state 8 caused by the location error, which is so far unexamined. In order to resolve this diculty we introduce a sequence of the location error.
De nition:The sequence of the location error f t + s n g n2N associated to the time sequence ft n jt n = n ( 2 ); n 2 Ng ( c.f. the comment below the Theorem 1.1). We de ne fs n g n2N by the following implicit equation:
u(x; t n ) ? (x ? t n ? s n )dx = 0:
Here, s n is uniquely determined, because is monotonic (see T.P. Liu 9] 3 . Proof of the main lemma . We will split this section into ve parts in order to prove the main lemma. Then, in the last part we will show the wave (u; v) converges to the asymptotic wave ( (x? t?s 1 ); (x? t?s 1 )), where the asymptotic location error t + s 1 is de ned formally as: s 1 = lim n!1 s n : (3. 1)
The existence of the limit above will be shown in the end of this paper. In the next four parts, we will show N(t n ) + ju ? ? u + j 2 2 for n 2 N (3.2) by induction. The integrand in the double integral in the (3.12) is positive, due to the subcharacteristic condition. Except the integral on the boundary (x = 0), all the integrals in (3.12) are positive. The defect of this model is that there is no lower derivative in the double integral of (3.12), which prevents one from using energy estimates. But, this defect can be resolved by adding the following two conditions due to the nonlinearity of the (1.1):
for some constant K 4 , 0 < K 4 (j 0 j + j 0 j) < ? ( ; ) x ; (3.13) j ( ; ) ? j 1: (3.14)
The reasoning for those conditions can be found in Liu 9 ].
3.3.
Step II. The preliminary of the energy estimate. In the following parts, we a priori assume (2.12) for t = t n .
Integrate (3.8)z over 0 < < t n and 0 < x < 1. 
